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Abstract 
We show that a necessary condition for the existence of an S~-factorization f the symmet- 
ric complete tripartite digraph K* l ....... is l=m =n=_O(modk(k - 1)) for k = 1,2(mod3) and 
l = m = n ~ 0 (mod k(k - 1 )/3), 2n ~> (k - 1 )2 for k - 0 (mod 3 ). Several sufficient conditions arc 
also given. @ 1999 Elsevier Science B.V. All rights reserved 
Keywords.. Star-factorization; Symmetric omplete tripartite digraph 
1. Introduction 
Let K/* ..... denote the symmetr ic  omplete tripartite digraph with partite sets fq, 14, 
of 1, m, n vertices each, and let S, denote the directed star from a center-vertex to 
k - 1 end-vertices on two partite sets Vi and ~. A spanning subgraph F of K* is ].  I l l ,  I1 
called an S~-factor i f  each component of  F is od~ If K* is expressed as an arc- . / , t i t .  It 
disjoint sum of S~.-factors, then this sum is called an Sk-factorization of K* In this [, Ill. I1 " 
paper, it is shown that a necessary condition for the existence of such a factorization 
is l=m=n=-O(modk(k  - 1)) for k~ 1 ,2 (mod3)  and l=m=n=_O(modk(k  - 1).:3), 
2n ~> (k - 1 )2 for k = 0 (rood 3). Several sufficient conditions are also given. 
Let * K* denote the complete bipartite graph, the symmetric Km.I,,K, ...... and 11,.,,, .......... 
complete bipartite digraph, and the symmetric complete multipartite digraph, respec- 
tively. And let C4.,Sk,Pk, and Kp.q denote the cycle or the directed cycle, the star or the 
directed star, the path or the directed path, and the complete bipartite graph or the com- 
plete bipartite digraph, respectively, on two partite sets V, and ~. Then the problems of 
giving the necessary and sufficient conditions of C4-factorization of  KI .... z *  K* l~t l l ,  tl~ / . tH , t t *  
and K* have been completely solved by Enomoto, Miyamoto and Ushio [4] I11,112...., l lm 
and Ushio [13, 15]. S~-factorization of K, ..... and K,~.,, have been studied by Ushio and 
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Tsuruno [10], Wang [16], and Du [2]. Recently, Martin [6,7] and Ushio [12] give the 
necessary and sufficient conditions of Sk-factorization of  K,,,n and K*,n. Pk-factorization 
of  Kin,, and K,*,, have been studied by Ushio [8,11], Ushio and Tsuruno [9], and 
Du [3]. Kp, q-factorization of Ko~,n has been studied by Martin [6]. Ushio [14] gives the 
necessary and sufficient condition of  Kp, q-factorization of K~.~. For graph theoretical 
terms, see Refs. [1,5]. 
2. ~-factorization of K* I, m, n 
We use the following notation. 
Notation. Given an Sk-factorization of Kl, m,n, let r be the number of  factors, t be the 
number of components of  each factor, b be the total number of components, t~/ be the 
number of  components whose center-vertex is in ~ and end-vertices are in ~ among 
t components of each factor. 
For a vertex x in V,, let rii be the number of components whose center-vertex is x 
and end-vertices are in ~ and let sij be the number of  components whose center-vertex 
is in ~ and end-vertex is x among r components having vertex x. 
We have the following necessary condition for the existence of an Sk-factorization 
of K* I ,m,n" 
Theorem 1. I f  K* has an Sk-faetorization, then l=m=n=_O(modk(k -  1) ) fo r  l ,m,n 
k = 1,2(mod3)  and l=m=n=-O(modk(k -  1)/3),2n>~(k- 1) 2 for k=0(mod3) .  
Proof. Suppose that K* has an Sk-factorization. Then b = 2(Im + In + mn)/(k - 1 ), ],m,17 
t=( l+m+n) /k ,  r=b/ t=2k( lm+ln+mn) / (k -  1) ( /+re+n) .  For a vertexx in 
VI, we have (k -  1)r l2=m, (k -  1)r l3=n, s12=m, sl3=n, and rl2 +r l3  +s12 + 
sl3=r. For a vertex x in V2, we have (k - 1)r21 = l ,  (k -  1)r23=n, s21 =/ ,  s23=n, 
and r21 +r23 +s21 +s23=r .  For a vertex x in V3, we have (k -  1)r3~=l, (k -  
1)r32=m, s31 = l ,  s32=m, and r31 + r32 + s31 + s32=r.  From these relations, we 
have l = m = n. Therefore, l = m = n is necessary. Put l = m = n. Then b = 6n2/(k - 
1 ), t = 3n/k, r = 2kn/(k-  1 ), r12 = r13 = r21 = r23 = r31 =/32 = n/ (k -  1 ), sl2 = sl3 = s2l = 
s23=s31=s32=n. Therefore, n=_O(modk(k -  1)) for k=- l ,2 (mod3)  and n=0 
(mod k(k - 1 )/3) for k =-0 (mod 3) are also necessary. In a factor, we have tl 2 + tl 3 + 
(k -  1 )t21 + (k -  1 )t31 = (k -  1 )tl 2 +t21 +t23 + (k -  1 )t32 = (k -  1 )h 3 +(k -  1 )t23 +t31 +t32 = n,  
where O<~tij<~n/(k- 1) and 0~<tii + ti~.<~2n/(k- 1). Since n~0(modk-  1), so 
t~/+ tik -~ 0 (mod k - 1 ). Therefore, 2n ~> (k - 1 )2 is also necessary. 
Note. The necessary condition given in Theorem 1 can be classified as follows: 
(i) l=m=n=-O(mod2)  for k=2;  
(ii) I=m=n=-O(mod2)  for k=3;  
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(iii) l=m=n=-O(modk(k -  1)) for k~ 1,2(mod3) and k~>4; 
(iv) l=m=n=-O (mod k(k -  1)/3), 2n>~(k-  1) 2 for k~0 (rood 3) and k~>6. 
We give the following extension theorem, which we use throughout the remainder 
of this paper. 
Theorem 2. ! [  K,* ..... has an Sk-fi~ctorization, then K,,* ........ ,, has an S~,-factorization /or 
every positive integer s. 
Proof. Let K~,.q denote the complete bipartite digraph with p start-vertices and q end- 
vertices. Then L can be denoted as /<,.h--l. When K,* ..... has an Sk-factorization, 
1'2",.., ....... has a I<~,(/~ l>-factorization. Obviously, as in Ref. [12], K~,..i/~ t~ has an 
S~-factorization. Therefore, K~*, .......... has an Sk-factorization. For more theoretical de- 
tails, see Refs. [4,7]. 
We use the following notation for an Sx. 
Notation. For an S~ with a center-vertex u and k - 1 end-vertices v~, v2 . . . . .  el, ~, we 
denote (u; t'i, va . . . . .  vk-1 ). 
We give the following sufficient conditions for the existence of an odx-factorization 
Theorem 3. When n = 0 (mod 2),K,* ..... has an S:-factorization. 
Proof. Put n=2s .  When s=l ,  let I~] ={1,2}, V2-{3,4}, ~={5,6} .  Construct 8 
Se-factors as follows: 
F, - {(1; 6), (2; 4), (3; 5)}, 
F3 = {(1; 4), (2; 5),(3; 6)}, 
F5 -- {(4; 2), (5; 3),(6; 1)}, 
F: = {(4; 1), (5; 2),(6; 3)}, 
F2 = {(1; 3), (2; 6), (4; 5)}, 
F4 = {(1; 5), (2; 3), (4; 6)}, 
Fo = {(3; 1 ), (5; 4), (6; 2)}, 
Fs = {(3; 2), (5; 1 ), (6; 4)}. 
Then they comprise an S2-factorization of K*2, 2. Applying Theorem 2, K,* ..... has an 
S2-factorization. 
Theorem 4. When n =_ 0 (mod 2), K,,,,,,,,* has an S~_,-factorization. 
Proof. Put n=2s .  When s=l ,  let /~]={1,2}, I~={3,4}, V~ {5,6}. Construct 6 
S3-factors as follows: 
F1--{(1;3,4),(2;5,6)}, F2={(1;5,6) , (2;3,4)},  F3={(3;1,2) , (4;5,6)},  
F4={(3 ;5 ,6 ) , (4 ;1 ,2 )} ,  F5={(5 ;1 ,2 ) , (6 ;3 ,4 )} ,  F~={(5 ;3 ,4 ) , (6 ;1 ,2 )} .  
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Then they comprise an S3-factorization of K* Applying Theorem 2, K* has an 2,2 ,2"  n,n ,n  
S3-factorization. 
Theorem 5. When n=O(modk(k  - 1)), Kj,,,,n* has an Sk-factorization. 
Proof. Put n=k(k -  1)s. When s=l ,  let V1={1,2 . . . . .  k(k -  1)}, V2={1' ,2 '  . . . . .  
(k (k -  1 ))'}, V3 = { 1", 2" . . . . .  (k (k -  1 ))"}. Construct 2k 2 Sk-factors Ej and F~ (i = 1,2, 
. . . .  k ; j=  1,2 . . . . .  k) as follows: 
F~j = {((A + 1); (B + (k - 1) + 1)' . . . . .  (B + 2(k - 1))'), 
((A + 2); (B + 2(k - 1 ) + 1)' . . . . .  (B + 3(k - 1 ))'), 
" ' '7  
((A + k - 1);(B ÷ (k -  1)(k - 1) + 1)' . . . . .  (B + k(k  - 1))'), 
((B + 1 )'; (C + (k - 1) + 1)" . . . . .  (C + 2(k - 1))"), 
((B + 2)'; (C + 2(k - 1 ) + 1)" . . . . .  (C + 3(k - 1 ))"), 
. . .~  
((B + k - 1)'; (C + (k - 1)(k - 1) + 1 )" . . . . .  (C + k (k  - 1))") ,  
((C + 1 )"; (A + (k - 1 ) + 1) . . . . .  (A + 2(k - 1))), 
((C + 2)"; (A + 2(k - 1 ) + 1) . . . . .  (A + 3(k - 1 ))), 
((C + k -  1)";(A + (k -  1 ) (k -  1) + 1) . . . . .  (A + k (k -  1)))}, 
F~'i = {((A + 1);(C + (k - 1) + 1)" . . . . .  (C + 2(k - 1))"), 
((A + 2) ; (C + 2(k - 1) + 1)" . . . . .  (C + 3(k - 1))"), 
((A +k-  1 ) ; (C+(k -  1 ) (k -  1 )+ 1)" . . . . .  (C+k(k -  1))"), 
( (B+ 1)';(A +(k -  1 )+ 1) . . . . .  (A +2(k -  1))), 
((B + 2)'; (A + 2(k - 1) + 1) . . . . .  (A + 3(k - 1))), 




" ' '7  
((c 
+ k-  1 ) ' ; (A+(k -  1 ) (k -  1) + 1) . . . . .  (A +k(k -  1))), 
+ 1)";(B + (k - 1 )+1) '  . . . . .  (B+2(k -  1))'), 
+ 2)" ; (B + 2(k - 1) + 1)' . . . . .  (B ÷ 3(k - 1))'), 
+ k - 1)"; (B + (k - 1 )(k - 1) + 1 )' . . . . .  (B + k (k  - 1))')}, 
where A=( i -  1) (k -  1), B=( j -  1) (k -  1), C=( i+ j -2 ) (k -  1), and the additions 
are taken modulo k(k -  1) with residues 1,2 . . . . .  k(k  - 1). 
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Then they comprise an Sk-factorization of  K~ k_ i),~-(~- I I, ki~ I~ Applying Theorem 2, 
* St-factorization. K,,.,,.,, has an 
Theorem6.  When k~0(mod3)  and n=-O(mod2k(k -  1)/3), K,*,. ..... has an 
S~ -factorization. 
Proof .  Put n = 2k(k -  1 )s/3. When s = 1, let V~ = { 1,2 . . . . .  2k (k -  1 )/3}, V~ = { 1', 2' . . . . .  
" )  / ^ 
(2k(k -  1)//3)'}, ~ ={1" ,2"  . . . . .  (2k (k -  1)/3)"}. Construct 4k-/3Sk-factors F,~/~I~, 
~ '  ( i=  1,2 . . . . .  2k/3 ; j=  1,2 . . . . .  2k/3) as follows: 
F,i = {(((B + 1)' ;(A + 1) . . . . .  (A +k  - 1)), 
( ( (B+2) ' ; (A+(k -  1)+1)  . . . . .  (A+2(k  1))), 
((B +/~/3) ' ;  (A + (I,/3 - 1)(k - 1 ) + 1) . . . . .  (A + k(k - 1 ) /3 ) ) ,  
( (B+k/3  + 1) ' ; (C  + (k -  1)4- 1)" . . . . .  (C + 2(k -  1))"), 
((B + k/3 + 2)';  (C + 2(k - 1) + 1)" . . . . .  (C + 3(k - 1 ))"),  
((B + k -  1 ) ' ; (C+(2k /3 -  1) (k -  1 )+ 1)" . . . . .  (C + 2k(k -  1)/3)") .  
( (C + 1 )"; (A + k(k - 1 ) /34-  1 ) . . . . .  (A 4- (k/3 4- 1 )(k - 1 ))), 
( (C + 2)" ; (A  +(k /3  + 1)(k - 1 )+ 1) . . . . .  (A +(k /3  +2) (k  - 1))), 
((C + k/3)";(A + (2k/3 - l ) (k - 1) 4- 1) . . . . .  (A + 2k(k - 1)/3)), 
( (C + k/3 + l ) " ; (B  4- (k -  1 )+ 1)' . . . . .  (B + 2(k - l ) ) ' ) ,  
((C + k/3 + 2)";  (B 4- 2(k - 1 ) 4- 1 )' . . . . .  (B 4- 3(k - 1 ))' ), 
( (C+k 1)" ; (B+(Zk /3  - 1)(k - 1 )+ 1)' . . . . .  (B+2k(k -  I ) /3) ' )} ,  
F f /=  {(((C + 1)" ; (B + 1)' . . . . .  (B + k -  1)'), 
( ( (C4-2) " ; (B4- (k -  1)4- 1)' . . . . .  (B 4- 2 (k -  1))'),  
(( C 4- k/3 )"; (B 4- (k/3 - l ) (k - -  1)4- 1)' . . . . .  (B+k(k -  1)/3)') ,  
( (C4-k /34-  I ) " ; (A  4 - (k -  1 ) t  1) . . . . .  (A 4 -2 (k -  1))), 
( (C4-k /34-2) " ; (A  4-2(k -  1)4- 1) . . . . .  (A 4- 3 (k -  1))), 
( (C4-k -  1)";(A 4- (2k/3 - 1 ) (k -  1)4- 1) . . . . .  (A 4- 2k(k -  1)/3)), 
((A 4- 1 ); (B 4- k(k - 1 ) /34-  1 )' . . . . .  (B + (k/3 4- 1 )(k - 1 ))'), 
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((A + 2); (B + (k/3 + 1 )(k - 1) + 1)' . . . . .  (B + (k/3 + 2)(k - 1 ))'), 
((A + k/3 ); (B + (2k/3 - 1 )(k - 1 ) + 1 )' . . . .  , (B + 2k(k - 1 )/3)'),  
((A +k/3  + 1); (C + (k -  1 )+ 1)" . . . . .  (C +2(k -  1))"), 
((A + k/3 + 2); (C + 2(k - 1) + 1)" . . . . .  (C + 3(k - 1))"), 
((A +k-  1 ) ; (C+(2k /3 -  1) (k -  1 )+ 1)" . . . . .  (C+2k(k -  1)/3)")) ,  
F~ = {(((A + 1) ; (C + 1)" . . . . .  (C+k-  1)"), 
(((A + 2); (C + (k - 1) + 1)" . . . . .  (C + 2(k - 1))H), 
((A + k/3); (C + (k/3 - 1 )(k - 1 ) + 1 )n . . . .  , (C + k(k - 1 )/3)"),  
((A + k/3 + 1);(B + (k -  1) + 1)' . . . . .  (B + 2(k -  1))'), 
((A + k/3 + 2); (B + 2(k - 1) + 1)' . . . . .  (B + 3(k - 1))'), 
((A +k  - 1 ) ; (B+(Zk /3  - 1)(k - 1 )+ 1)' . . . . .  (B+ 2k(k - 1)/3)'), 
((B + 1) ' ; (C  + k(k - 1)/3 4. 1)" . . . . .  (C + (k/3 4- 1)(k - 1))"), 
((B 4. 2)' ;  (C 4. (k/3 4. 1)(k - 1) 4. 1)" . . . . .  (C 4. (k/3 4. 2)(k - 1))"), 
( (B4 .k /3 ) ' ; (C4 . (Zk /3  - 1) (k -  1)4. 1)" . . . . .  (C4 .2k(k -  1)/3)"),  
((B 4. k/3 4- 1)'; (A 4, (k - 1) 4. 1) . . . . .  (A 4. 2(k - 1))), 
((B 4. k/3 4. 2)'; (A 4. 2(k - 1 ) 4. 1 ) . . . . .  (A 4. 3(k - l ))), 
((B + k - 1 )'; (A + (2k/3 - 1 )(k - 1 ) 4. 1) . . . . .  (A 4. 2k(k - 1 )/3))) ,  
where A = (i - 1 )(k - 1 ), B = ( j  - 1 )(k - 1 ), C = (i + j  - 2)(k - 1), and the additions 
are taken modulo 2k(k -  1 )/3 with residues 1,2 . . . . .  2k(k -  1)/3. 
Then they comprise an Sk-factorization of  K*k~k-I)..'3,2~k--I)..'3,2k~k- 1)..'3' Applying 
Theorem 2, K'n,  n has an Sk-factorization. 
Note. The case for l=m=n=sk(k -  1)/3, k -0 (mod3) ,  k>~6, s -= l ,2 (mod3) ,  
s: odd, and 2n ~>(k -  1) 2 is open. 
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